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1 Introduction. 



The concepts of space and time and its quantization are still far from being understood. 
One of the most promising hopes for a reconciliation of quantum Gravity with quantum 
mechanics seems, at present, available within the framework of string theory. The under- 
lying two-dimensional conformal field theory structure of strings provide a field-theoretic 
framework for a consistent formulation of target-space quantum gravity as an effective 
theory of strings below the Planck (or String) scale. 

One of the most fruitful ways to look at string theories, in turn, is to see them as 
two dimensional cx-models, that is field theories on a two dimensional 'space-time', the 
world-sheet, on which some fields are defined, those fields are the coordinates of a 'target' 
space time on which the string moves. 

Admittedly, this world-sheet description of string theories may not be sufficient for 
a complete non-perturbative description of quantum space time effects. Target-space 
instantons in certain string backgrounds may not have their analogues as world-sheet 
elevated objects of a conformal field theory [[!]]. However, for most purposes a world-sheet 
conformal field theory may prove sufficient. 

In this paper we would like to go a step further. We will consider the target space 
of the fields defined on the world sheet as the scaffolding necessary to build solitons. We 
will then consider as coordinates of our phase space the cr-model couplings of the vertex 
operators of these solitons. This idea is reminiscent of the world-sheets for world-sheets 
idea of M.B. Green ||, in which the target space of one (two-target-space-dimensional) 
string theory is considered as the world-sheet of the 'next' theory. Here it is rather 
(critical-dimension) solitonic stringy space times for phase-spaces. What we will try to 
do, is to quantize the coordinates of this theory space. This is a space with a very rich 
structure, as the work of Zamolodchikov on the renormalization group flow has shown || . 
A quantization of such a space is achieved by summing over topologies on the world sheet 



Our action will be the usual cr-model action for strings with the addition of terms 
describing the boundary conditions appropriate for a soliton (D-brane) background g, 
[7|. This action has infinities coming from the coupling of string matter to the soliton, 
corresponding (from the scaffolding space point of view) to the recoil of the D-brane due 
to scattering || [], [II], |TTJ . To cancel these infinities one has to add these recoil operators 



to the action. It turns out || |TT| that the recoil operators, being solutions of a degenerate 



hypergeometric equation, come in logarithmic pairs [[H], O]. It is the couplings of this pair 
of operators which play the role of position and momentum in the approach we propose 
here. The appearance of a phase space is due to the mixing of these logarithmic operators. 
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Quantization is then achieved by observing that, due to renormalization, the theory 
is slightly non critical |TJ|, [HJ. To restore criticality at the scaffolder level]], one adds 



the Liouville field. In fact, a finite scale transformation on the world-sheet, is a Galilean 
transformation in our phase space. Thus one could also see the zero mode of the Liouville 



field as the evolution parameter [15, 16], 0], |17 |. The renormalization group flow for 



the Liouville field satisfies the so-called Helmholtz conditions, a set of conditions which, 
if satisfied, ensure the possibility of a canonical quantization [Tj| We verify that 
the couplings of the logarithmic operators of the D-brane satisfy these conditions, and 
therefore are canonically quantized in theory space. 

The quantization is achieved by a summation over world-sheet genera, albeit in the 
approximation of pinched world sheets @, [5], ]9|, IE]. To leading order in the a-model 



coupling constant expansion, the canonical quantization reproduces the usual quantum 
phase space with position and momenta having a constant commutator. We have however 
attempted to go beyond the leading approximation, by incorporating stringy effects. We 
find corrections to the commutator which reproduce the generalized string uncertainty 
principle [[2(J. Let us however stress that our approach is different. There, the case was 
made that trivial world-sheet topologies gave the dominant contribution, due to some sort 
of 'string asymptotic freedom'. In our approach fluctuating topologies are crucial. 

In this paper we are not aiming at giving a rigorous account of the quantization of 
solitons in string theory. Instead, we would like to suggest new ways of using string 
theories, and in particular the non-critical ones, to explore the connections between space 
and quantization. In this respect, we would like to mention that our use of Liouville 
dynamics will be physically different from that of ref. |L5], ||. There, the Liouville field 



was identified with the scaffolder time X°, which is not the case in this work. 



The structure of the article is as follows. In section 2 we review briefly the cr-model 
formalism describing interaction of D-branes with string matter, and introduce the log- 
arithmic operators. In section 3 we discuss how the space of the coupling constants 
pertaining to these operators may be viewed as a quantum phase space. In section 4 we 
present a a-model path-integral approach to quantization, summing over pinched world- 
sheet topologies. In section 5 we derive the phase space commutators and reproduce the 
generalized uncertainty principle. In section 6 we collect some concluding thoughts. Fi- 
nally, some technical details related to logarithmic operators are collected in the appendix. 



3 By scaffolder point of view we mean the (usual) point of view in which the coordinates of space time 
are the fields X defined on the two dimensional world sheet. 
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2 D-branes in cr-model Formalism 



Dirichlet-Branes (or D-branes) are solitonic states in open string theories which appear if 
one considers 10 — (p + 1) of the (critical-dimension) (super)string coordinates to satisfy 
Dirichlet (rather than Neumann) boundary conditions at the world-sheet boundary ||. 
From the point of view of the scaffolding space time, then, there are the zero modes 
of some target-space (collective) coordinates which do not change with the world sheet 
coordinate r. There is, therefore, an object which can be interpreted as a soliton at rest. 

Such structures encode enormous information about non-perturbative string symme- 
tries, such as duality, connections among different string theories etc. In this section we 
review the relevant aspects of the D-brane formalism in the cr-model approach. Far from 
being complete in this discussion, we refer the interested reader to the very rich literature 
on the subject, for example ||. 

In this paper we will consider only the case in which p — 0, that is the case of the 
so called 0-brane. In this case, seen from the scaffolding point of view, the soliton is 
zero dimensional and appears as a particle at rest (with an opportune choice of reference 
frame). 

The particular boundary conditions describing the D-brane can be given a a-model 
lagrangian formulation by considering a world-sheet boundary operator (see JF) and ref- 
erences therein): 

Vb = / Xid n X* + ViX^rX (1) 

where n denotes the normal derivative on the boundary of the world sheet <9£, which 
at tree level is assumed to have the topology of a disk of size L; X 1 , i — 1, . . . 9 denote 
the collective excitations of the brane satisfying Dirichlet boundary conditions on the 
world-sheet boundary, while X° satisfies standard Neumann boundary conditions, 

X i (boundary) = 0, % = 1, . . . , 9 d n X° (boundary) = (2) 

The two couplings Xi and V{ in (|l[) have the meaning of the initial position and velocity 
of the free soliton respectively. Here and in the following we shall limit ourselves to the 
case of a flat world volume. Of course the lower case x's, which are, from a two dimensional 
point of view, couplings should not be confused with the X's which instead are fields. 
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2.1 D-branes Coupled with String Matter 



We will now consider the interaction of the soliton with string matter, and in particular, 
in a perturbative spirit, with the lowest lying states of the string, tachyons in the bosonic 
casef]. 

Let us therefore consider for the moment the following action: 

S a = / [dX^dX'T)^ + T(X)} + f Xl d n X l + ViX^dnX' (3) 

where rj^ is a (critical-dimension) flat Minkowski space-time metric, and T(X) denotes 
a bulk (closed string) matter operator, which for the case of bosonic strings is taken to 
be the tachyon. 

We immediately encounter an infinity in the anulus correction to the tachyon prop- 
agator in the presence of a D-brane, which expresses quantum effects in the interaction 
of matter (tachyons) with the soliton (D-brane) background. One starts by considering 
the scattering of a closed string tachyon (matter) state off a brane. For this purpose, it 
is sufficient to consider the anulus amplitude of two closed-string vertex operators V(k), 
which must be integrated over the propagating open string. This computation may be 
performed using the operator formalism, in which one evaluates TiV(ki)AV(k2)A, with 
A -1 = L — 1, where L is the Virasoro operator. 

The part of this computation that is relevant for our purposes is the one due to the 
world-sheet zero modes f|, ||, |10| . Writing A = Jq dqq La ~ 2 , L = 2p 2 + N, where N is the 
string level number, and picking out the N = part, we find the following contribution 
to the anulus amplitude: 

A = Jdp<p\ exp(-«A;5 ) i .X i ' )gr 2(p0)2 exp(-ifc° .X^q^' \p > (4) 

where the integral is over momentum eigenstates of the Virasoro operator L Q f], the su- 
perscript denotes time components in the scaffolder a-model, and q is the modular 

4 As well known, bosonic strings suffer from the usual tachyonic instabilities. Supersymmetry gets rid 
of such states, and also stabilizes the solitonic backgrounds. Since in what follows we are interested in 
the bosonic sector of the theory, we will ignore the fermionic sector altogether. Inclusion of this sector 
would probably induce a spin structure in our phase space. 

5 Here one assumes diagonalizability of Lq in the space of states, which is justified in a leading- 
divergence approximation Jll], [lTj . In the case of D-branes there are subleading divergences coming from 
non-diagonalizable parts of Lq. Such non-diagonalizability is a generic feature of a pair of logarithmic 
operators Jl3|, ^[ leading to non-trivial mixing. In the above analysis we determine one member of 
the pair, namely the one associated with leading divergences. Later, we determine the other member by 
applying generic conformal field theory analysis jll] . 
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parameter of the anulus. The trace over the zero modes yields the generic form [1C]: 



A-SW + k^^^fiq^kl) (5) 

The 8(ki + function arises from integrating over the zero modes of a model fields 
X°(z, z) in a standard fashion. The amplitude (§, ||) is pathological, in the sense that it is 
divergent as q± — > 0, and requires regularization. It is this regularization which modifies 
the relation (|5|) in order to ensure momentum conservation in the presence of string loop 
effects. Seen from a scaffolder point of view, such effects correspond to the recoil of the 
soliton in the scattering process. 

The pathological behaviour in the limit q% — ► corresponds to the pinched-anulus 
configuration: 

A~g st [ dqi A disk (k 1 ,k 2 ) (6) 

gi^/87rlog(gi) 

where A disc (ki, k 2 ) =< V(ki)V(k 2 )V l V l > is the tree-level disc amplitude, with {T^} 
denoting a complete set of string states. 

One may cancel these infinities by adding to the action the so called recoil operators. 



These operators where introduced in || || 11, 10] to describe the back reaction (the recoil) 



of the soliton when two tachyons scatter against it. 



In this paper we are not interested in the role of the recoil operators from the point 
of view of scattering in the scaffolding space-time per se, but rather in the roles of their 
couplings as generating quantum operators of a phase space. However we find it useful 
for the convenience of the reader to review the basic properties of these operators and 
their origin. We do this in the next subsection and in the appendix. Further details can 
be found in IS, O, ITcL Ol 



2.2 D-branes and logarithmic operators 



As argued in refs. [^, [H], [□]], in order to cancel the one-loop infrared divergence (j^) one 
must add the following tree-level closed-string (bulk) operator counterterm 

5A = J d 2 zd a (f(X°)d a X l ) (7) 

which contributes on the boundary. Its form is determined by general properties of soliton 
backgrounds in string theory 0, and the function f(X°) in (I7|) is determined by requiring 
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that the above operator reproduce the infinities of the anulus amplitude (|J). The result 
isQ: 



Vi 



imp 



d 2 z3 a ([u i X ]e(X°)9 a X* 



dTm (x°e(x°))d n x 



i = l,. ..,9. (8) 



The step-function operator in (§) needs to be defined properly, and we adopt the integral 
representation [ |TT[] : 



e £ (x c 



—i 



dq 



0" 
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(9) 



where e is a regulator parameter. From the scaffolder point of view, the coupling constant 
Ui may be considered as the change in the velocity of the brane due to recoil |10|, |Tl[ . This 
may be obtained by imposing overall conformal invariance of the anulus and disc ampli- 
tudes ||. As we shall discuss below, the cancellation of tree and anulus divergences in 
our case is formally different from the approach of ref. ||. However, the basic qualitative 
features remain the same, and the above cancellation requires TC 



8\/2Trg s (k 1 + k 



2 i 



(10) 



which expresses momentum conservation. This interpretation of (pTOj ) is consistent with 
the fact that the soliton mass is proportional to l/g s , confirming the interpretation of Ui 
as the D-brane velocity. 



But this is not the end of the story. Analysis of the operator product of the operator 
dH) reveals that it is a logarithmic operator JE2] 

logT 

V im p(T)V im p(0) ~ —j- (11) 

Logarithmic operators, however, being related to degenerate solutions of hypergeometric 
equations, are known to come in pairs C and D \T2, We discuss the appearance and 
the properties of such logarithmic operator pairs in the appendix. 

To identify the pair in our case let us concentrate, for convenience, on the X°- 
dependent parts. It is clear that X°B(X°) appearing in (H) plays the role of the log- 
arithmic D operator [ XT | . Using the integral representation (|S|) one may write it in the 
form 

oo oo 

D e = X°Q e (X°) = -i [ JS_x°e^ x ° = - [ , dq - e^ x ° (12) 

J q — ie J (a — ie) 2 

— oo — oo 

where we have integrated by parts. 
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To find the corresponding C operator we study the operator product of D e (|i~2l) with 
the stress-energy tensor of the a-model. Using the fact that the conformal dimension of 
the operator e iqX ° is q 2 /2 one gets [11| 



T(w)D e (z) = - T^y 2 D e + r^-^eOiX ) (13) 

From this, and making use of general properties of logarithmic operators, listed in the 
Appendix, we may identify the C operator to be 

C e = eQ e (X°) (14) 



Note the factor of e. The action of the stress tensor on the operators C e and D e reveals (TTtl 

2 

that they have the same conformal dimension A = — — which is negative and vanishes in 
the limit e — > + (note that this implies that the total dimension of the impulse operator 
(H), including the d n X l factor, is 1 — y). We see that for non-zero e the impulse operator is 
relevant in a renormalization-group sense, and the resulting theory is slightly non critical 

30. 



It is clear from that we cannot work just with the D e (X°) operator because 
C e (X°) will necessarily be induced by a scale transformation. Thus, the proper recoil 
operator is described by 

Vrec = Jdr [ yi C e {X Q )d n X* + Ul D t (X°)d n X*} (15) 

where the coupling constants %ji and in principle depend on the world-sheet renormal- 
ization scale. 

In ref. |ll]| explicit expressions were derived for the one and two point functions of 



the logarithmic pair C and D. For later use we list bellow the result for the two-point 
functions (concentrating again for brevity on the X° parts): 



<C e (z)C e (0)> ~ --e 2 ^ / f q e-Wfasls/al 3 



-oo 



^(0 + O(e 2 )) (16) 
9s 

with a = Log|L/a| 2 , and L and a denoting the world-sheet infrared and ultraviolet cutoffs 
respectively, and r) — 1 (—1) for Euclidean (Minkowskian) signature of X° in the target 
space time of the scaffolder. Above we have re-instated the explicit powers of the string 
coupling constant, g s , appropriate for the disc topology. 
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In a similar manner one has: 

Fk d f dq 



<c e (z)D e (o)> ~ ~^r\ -t I 

2q„ V aoe J 



2g s V a de J q 2 + e 2 

7T 



e -2r?g 2 log |z/a| 2 



2# s V e 2 a 



1 -2r7e 2 log|z/a| 2 (17) 



Finally the two-point function for D £ is given by 

< D e (z)D e (0) > = i < C e (z) J D e (0) > 



6 2 



2g s \ e 2 a Ve 



^ — 277 logical 2 ) (18) 



Performing the limit: 

e^O, e 2 log|L/a| 2 ~ 0(1) (19) 

we obtain the canonical two-point correlation functions of logarithmic operators (c.f. Ap- 
pendix). Notice however that < DD > is singular in the limit. 



Because the exact value of the numerical constant in ([19|) is a free parameter we 
may choose it at will (the difference between different choices can be reabsorbed in the 
redefinition of the logz term) and thus establish an unambiguous relation between e, 
the regularization parameter in a target-space, and L/a, which is a world-sheet scale. 
Choosing as normalization: 

' r]log\L/a\ 2 (20) 



e 2 



and then we get (up to a normalization factor) to zero th order in e 2 : 
< C e (z)C e {0) > ~ 

<C e (*)A(0)> ~ ^ 
<D e (z)D e (0)> ~ 7^- flog 



L 


2 


z 




a 


— 2i] log 


a 





(21) 



In the following, as we will consider the euclidean case (for the scaffolding space-time), 
we set r] — 1. 

To recapitulate, therefore, the requirement of cancelling anulus infinities in the scaf- 
folder cr-model with matter (|3|) one must include the pair of logarithmic operators C and 
D, which mix under scaling. The full action, which is free, therefore, from conformal 



8 



anomalies up to anulus level reads: 

S a = j [dX»dX v r lllv + T{X)\ + j dT[x i d n X i + v i X°d n X i \ + 

J dr [ yi C t {X Q )d n X l + Ul D e (X°)d n X 1 } (22) 



with D and C given by (0,0) 



3 The Space of Running Coupling Constants as a 
Phase Space 

In this and the following sections we will discuss how the couplings and Ui of the 
operators C and D in ([22|) can be seen as the phase space of a point particle. From a 
a-model view point we shall consider the action (0) with T(X) = 0, xi = and Vi = 0. 
According to the discussion above this truncated er-model is slightly non-critical, and 
requires Liouville dressing for consistency. For our purposes we shall treat the Liouville 
mode as independent from the target time X° of the scaffolder a-model. This is due to the 
fact that we are not interested in the scaffolder dynamics. The resulting Liouville-dressed 
couplings, then, yj and Ui exhibit non-trivial world-sheet scaling. We shall study their 
behaviour under Liouville renormalization-group flow. Following general properties of 



non-critical strings |L5L |16[, then, we shall use the renormalization-group flow as a variable 



defining temporal evolution in this phase space, in the sense of Galilean invariance. 



3.1 Finite- Size Scaling as Galilean Invariance 



Let us consider a finite size scaling 11 



L —> L' = Le f (23) 
Because of the relation between e and L this transformation will change e 

£2 - e ' 2 - T^H W 

(note that if e is infinitesimally small then e' is also infinitesimally small for any finite t) 
and we can deduce from the scale dependence of the correlation functions (|21|) that C e 
and D e transform as: 

D e -> D e , = D € + tC e 

C e -> CV = C e (25) 



9 



From this transformation one can see that the coupling constants in front of D e and C € 
in the operator defined in (|T5|), i.e. the velocities Ui and spatial collective coordinates x/i 
of the brane, must transform like: 

Ui — > Ui , i/i — > yi + Uit (26) 

And this is a Galilei transformation for the i/i and u^s. 

We have a first important result, the scale transformation of the two-dimensional 
theory is a symmetry in the space of coupling constants which coincides with a Galilei 
transformation. 



We can consider this scaling as a renormalization flow on the world sheet of the open 
string. In fact from fl2T)| ) and ( |2"3"| ) we see that a scale transformation is equivalent to a 
rescaling of e. The corresponding (3 functions are 

e 2 

P Ul = (27) 

where the first part corresponds to the anomalous scaling dimensions of the operators C 
and D [11]. From (|27| ) it becomes clear that the coupling of the D (momentum) operator in 



flT5| ) is not exactly marginal as would have been required by the Galilean transformation, 
were t to be identified as time. There are small 0[e 2 } anomalous dimension terms that 
spoil this marginality. This can be remedied by redefining the string coupling constant g s 



so as to absorb such terms. Indeed, it is the coupling |L7 

uf ee ± (28) 

which is exactly marginal, 

duf/dt = (29) 

and therefore plays the role of a Galilean velocity. This amounts to a re-normalization of 
g s such that 

9? = f (30) 

is t- independent. 

The corresponding 'renormalization' of the position 

V? - f (31) 

yields the Galilean equation for (renormalized) velocities: 

dyfjdt = uf (32) 

It is this set of renormalized couplings yf, uf that constitute our classical phase space, 
which may be quantized canonically as we discuss in the subsequent sections. 
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3.2 Helmholtz Conditions and Quantization of Coupling Con- 
stants 



The above analysis implies that in the presence of the logarithmic operators C and D the 
D-brane a-model exhibits marginal deviations from conformal invariance. It is however 
known Gil] that any non-critical string a-model can become conformal by introducing a 



Liouville mode. The latter may be viewed [pl| as a local renormalization scale on a curved 
world sheet. For our case, this will promote the first order equation fl3"2]) to a second order 



one with respect to the Liouville zero mode. This kind of equation can be derived from a 
Lagrangian provided a certain set of conditions due to Helmholtz is satisfied [|TI| ||. This 
is necessary and sufficient for canonical quantization. 



In fact |22|, [TJ|, [19| , the most generic renormalization group flow for a a-model coupling 
Aj, corresponding to a vertex operator Vi, in Liouville string theory has the form of a 
friction equation of motion [|]]: 

H<f>) + QM<t>) = = &-^C(\) ( 33 ) 

where the dot represents differentiation to Liouville zero mode <p, (3 l is the flat world-sheet 
renormalization group (3 function, and Q 2 — C[X] — 25 is the central-charge deficit. The 
quantity C(X) is the Zamolodchikov C-function ||. This function interpolates among 
conformal field theories according to the C-theorem, which for flat world sheets reads: 



dC_ 
~dt 

and G % i ~< VjVj > is the metric in theory space 



-fiGisfi (34) 



In equation (|33| ) we took into account the gradient flow property of the /3-functions: 

diC[X] = G l3 ft (35) 



which is an off-shell corollary of the flat- world-sheet C-theorem 0. Equation ( p3|) is 
characteristic of frictional motion in a potential C(Aj). As known in general such equations 
cannot be cast in a Lagrangian form. But in the non-critical-string case this is possible 
due to the non-trivial metric Gij. In fact, the situation is entirely similar to the case of 
inflationary theories M. 



The conditions for the existence of an underlying Lagrangian L ||TB[ whose equations 
of motion are equivalent (but not necessarily identical) to (0), are equivalent to the 
existence of a non-singular matrix Wij : 

Wlj{ » + Q » + = (36) 
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which obeys the following Helmholtz conditions 



ID, df 



2Dcf> y Q\i 



w i:j 


= Wjl 






dwij 


dw ik 






dX k 


dX? 






df\ 
o\i 


Qfk 


Qfk 

k OXi 




D 


1 df k 

— Wih — i 

2 lk 3Xi 


1 


Qfk 



(37) 



where 



r = -QX-P(X) ; J>_ dt + x Qi + ft d (3g) 

Dip QX l 



If the conditions (137D are met, then 



8 2 L . . 

= — = — — (39) 
3 d\*dX> 



The Lagrangian in (|39|) can be determined up to total derivatives according to 

S = Jd(p'L = - J d4' J dK\ i E i {4f,K\K\,K\) 
E t (<f)',X,X,X) = Wij(X j + QX { + (3 l ) (40) 

In the case of non-critical strings one can identify 0] = —G%j- Near a fixed point, 
where the variation of Q is small, the action S becomes @. |j : 

S = J d(j)'(~X i G ij (X, <f>)X j - C[X) + ...) (41) 
with the . . . denoting terms that can be removed by a renormalization scheme change. 



Within a critical-string (on-shell) approach, the action (|40| , |4T|) can be considered as an 
effective action generating the string scattering amplitudes. Here it should be considered 
as a target-space 'off-shell' action for non-critical strings |15|, |fl. From ([4ID it follows that 
the canonical momenta Pi are given by: 

Vl = GijX j (42) 
Let us now check the validity of the conditions ([37]). We know that Gij is symmetric, 



so the first of the Helmholtz conditions (|37|) is satisfied. The next two conditions hold 



automatically because of the gradient flow property (|35| ) of the (3 function, and the fact 
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that Gij and C[A] are functions of the coordinates A* and not of the conjugate momenta. 
Finally, the fourth Helmholtz condition provides the condition 

° = QGij (43) 



which implies an expanding scale factor for the metric in theory space ('inflation') 

Gy0,A(0)]=e Q ^[0,A(0)] (44) 

where G^ is a Liouville-renormalization-group invariant function. This is exactly the form 
of the Zamolodchikov metric in Liouville strings @, || . Thus there is indeed an underlying 
Lagrangian in the non-critical (Liouville) string problem. 

This allows canonical quantization, which as we will see in the next section, is induced 
by higher genus effects |L5|, 



[A\A J '] = ; \pi, Pj ] = ; [X\ Pj ] = -i/Wj (45) 



with the commutators being defined in theory space and pi denoting the momentum (f42|) 
conjugate to A 1 . 

Let us now come to the specific problem of D branes. The pertinent system of flat- 
space Renormalization-Group flow equations is given by (^,^). Liouville dressing is 
necessary for the position coupling yf only, since uf is exactly marginal. The correspond- 
ing central-charge deficit may be found by applying the flat world-sheet Zamolodchikov 
C-theorem (|34"D for the deformation pertaining to the yf coupling: 

Q 2 [y R uf] oc C[t, yf, uf] - 25 ~ - jf dt'^Gcc^ - -^Hufu^ (46) 

where t is the flat world-sheet scale (^) and we used flTB]). As we discussed above, 
te 2 ~ 0[1], hence the central-charge deficit becomes of order —-^ufu Rl . This choice 
corresponds to the identification of the logarithm of the size of the world-sheet disc with 
a (covariant) scale, which is nothing other than the zero mode of the Liouville field 0. 
However, this identification must be made only at the very end of the computations, 
and hence at all intermediate steps the Liouville scale should be treated independent 
of e. Moreover, the exactly marginal coupling uf is treated, of course, as independent 
of dyi R /dt. It is then straightforward to see that the corresponding Liouville problem 
satisfies the Helmholtz conditions ( |3TD with fi = —yfJ-^ufu^ R — uf 



Therefore, in our case equation (|33| ) reads: 




■^ufv? R )y iR = (47) 
9s I 
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Near the fixed point e — ► this becomes the equation of a free particle. Thus, the system 
of a- model couplings yf can be quantized canonically a la fl4"5|). Once we have established 
a canonical quantization we can then take the flat world-sheet limit, provided we make 
the above identification of the world-sheet renormalization scale with the area of the disc. 
This will be assumed in what follows. 

The effective action (pTTD, then, simply corresponds to a free phase-space action for a 
particle of mass oc l/gf : 

S = - f dt^^vfu** (48) 

consistent with the non-interacting brane background at the level of the scaffolder a- 
model. The fact that the mass of the particle is proportional to the inverse coupling 
constant of the string suggests that there is a natural length scale a' s in the problem 

< = (<a v (49) 

where a' is the string Regge slope. Such a rescaling is characteristic of soliton strings 

We now note that from the point of view of a D-particle (scaffolder) its mass is de- 
termined by (P!D|) . However in our construction, where the scaffolder is only an auxiliary 
entity used simply to induce the relevant deformations C and D in a formal manner, there 
is no such restriction. We can therefore just take pi = KUi R with k an arbitrary scale with 
dimensions of mass. 



Then, the mass of the particle whose action is described by fl4"8"|) is 

M = gfn 2 (50) 

As we shall show in section 4 this point of view can be supported explicitly by a er-model 
path integral analysis on resummed (pinched) world sheets. 

An immediate question arises as to how one can define explicitly the h in theory space. 
Although the above approach tells us that a canonical quantization may be achieved, 
however, it does not specify the details of the passage from classical to quantum mechanics. 
In string theory this can be achieved by a summation over genera on the world-sheet Q . 
Below we shall review briefly the basic steps by concentrating on the specific case of D- 
branes. As we shall argue, H will turn out to be proportional to the square of the string 
coupling constant. 
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4 cr-model Approach to the Quantization of Phase 
Space 



The necessity to go beyond genus zero world-sheet surfaces appears quite natural in 
the framework of the scaffolder cr-model. Since the effects associated with a change 
in a conformal field theory background, such as recoil, or in general back-reaction of 
matter on the structure of space-time etc, are purely stringy, the most natural way of 
incorporating them in a cr-model language is to go beyond a fixed genus cr-model and 
consider the effects of resummation over world-sheet genera []T5| , |^, This is a very 
difficult procedure to be carried out analytically. However, for our purposes a sufficient 
analysis, which should describe the situation satisfactorily (at least at a qualitative level), 
is that of a heavy extended object in target space, which can be treated semi-classically. 
From a first-quantized point of view, this implies resumming one-loop (anulus) world- 
sheets. Non-trivial effects arise from degenerate Riemann surfaces, namely from long-thin 
world-sheet strips or tubes (for the closed-string case) (wormholes) that are attached to 
a Riemann surface of lower genus (disc in our case). 



4.1 Phase Space and Pinched World Sheets 

We represent the Riemann surface £ as a strip connecting two Riemann surfaces £1 and 
£2 of lower genus. We take account of the degenerate strip by inserting a complete set of 
intermediate string states S a ||24j| . Then a generic iV-point correlation function of vertex 
operators Vi 

A N = J rfm s (n J d%Vi(ti) ® (ghosts)}^ (51) 

i 

is given by the following expression 

A N ~^2J dq J d 2 zi J d 2 z 2 J <im ElffiE2 
(II / d 2 iiVi{ti)£«{zi) ® Q^' 1 ® £a(z 2 ) ® (ghosts))^, (52) 

i 

where q is the (real) modular parameter of the strip, J dm denotes integration over mod- 
uli space, and S a are the complete set of the intermediate states with dimensions h a 
propagating along the thin strip connecting the world-sheet pieces Si and £ 2 (in our 
case Si = £ 2 ). The terms 'ghosts' indicate appropriate insertions of ghost fields, which, 
although necessary for the target space reparametrization, are of no consequences here. 
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One easily observes that logarithmic divergences in (0), may come from states with 
h a = PH| , in which case one has the infrared divergence at small q — > integral / dq/q. 



A trivial example of such an operator is the identity, which however does not lead to 
non-trivial effects, since it carries zero measure in the space of states, and hence it does 
not contribute to (j52|). On the other hand, if there are states that are separated by a 
gap from the continuum of states, i.e. discrete in the space of states, then they bear non- 
trivial contributions to the sum-over-states and lead to divergences in the amplitude (|52|) 



The logarithmic states we discussed earlier are precisely these states. There are various 
types of divergences associated with such states, as discussed in ref. 0. First of all, 
there are leading divergent terms in fl52f) arising due to the mixing between the states 
corresponding to the logarithmic operators C and D: 

Diverg[STRIP] ~ g s [ —\nq[ d 2 z 1 D(z 1 ) [ d 2 z 2 C(z 2 ) 

~ g s (\n 2 5) J d 2 Zl D( Zl ) J d 2 z 2 C(z 2 ) (53) 

This gives the leading singularity In 2 5. 

The effects of a dilute gas of wormholes on the sphere are assumed to exponentiate 
this bilocal operator and one can obtain a change in the world-sheet action || |9| 

AS ~ g s (\n 2 5) J d 2 Zl D( Zl ) J d 2 z 2 C(z 2 ) (54) 

This bilocal term can be written as a local world-sheet effective action term, if one employs 
the well-known trick of wormhole calculus |25[ by writing 



AS CD 

e oc 



(55) 



J djcdjD exp - \ n 2 5 Gmn ^mln + 1c J <1 2 zC + 1dJ d 2 zD 

In this way the bilocal operator can be represented as a local deformation on the world- 
sheet of the string but with deformation couplings j m , where m = C or D and G mn is an 
off-diagonal metric in coupling-constant space, necessary to reproduce the initial bilocal 
operator. The exponentiation of thin handles had been assumed above. The off-diagonal 
metric in theory space includes all the appropriate normalization factors J\f m , for the zero 
mode states. Such factors are essentially the inverse of the CD two-point function of the 
operators C and D given in ([17D , which is finite ||11|| . 



Besides the leading divergent terms in ( p2|) there will be terms with In S behaviour, 
corresponding to 

AS D = g s lnS J d 2 z 1 D{z 1 ) J d 2 z 2 D(z 2 ) 

AS C ee g s hx8 J d 2 z 1 C{z 1 ) J d 2 z 2 C{z 2 ) (56) 
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Assuming their exponentiation, one may use newwormhole parameters etc and to 
represent such counterterms in the world-sheet action as above. The only difference now is 
that the distribution functions for the wormhole parameters associated with the sublead- 
ing In 5 divergences are ordinary Gaussian associated with symmetric metrics Gcc^Gdd 
in coupling-constant space: 

where the widths T^, T 2 D are given by: 

T 2 c ~Ag s \n8, I* ~ 4& In 5 (58) 

and the diagonal metrics elements contain now zero-mode-state normalization factors 
which are given by the absolute value of the inverse of the CC (|16D and DD (|I8D two- 
point functions 

G cc 



1 6 2 „nn 1 1 



m 9s Ml 2g s e* l " Jj 

From this analysis it becomes clear that the above-described pinched-anulus-corrected 
string matrix elements are divergent for e 2 — > + . From a two-dimensional (world-sheet) 
view-point one should either cancel or absorb the divergences in coupling constants. If 
all the divergences could be canceled, then the cx-model would be conformally invariant, 
whilst absorption of the divergent contributions to a-model couplings would result in 



departures from criticality [15 



4.1.1 Leading Divergences 

First, let us concentrate on the term (0). Following ref. 0, we consider the propagation 
of two matter (closed-string) tachyon states Vip in the background of (|55|) at tree level. 
In such a computation the effects of the C-operator are subleading and can be ignored. 
The result is: 

A CD =< W 2 e A5C ° >*~ / d 7 e^7Dexp -^^- lm G mn ln + lD [ d 2 zD + ... V 1 V 2 

J [ 4:g s m o J 

(60) 

where the <...>* denote averages with respect to a conformal a-model action on the 
disc, and . . . represent subleading terms. 



The scaling property (|2q) must be taken into account. Under scaling on the world-sheet 
the C operator emerges from D due to mixing (see Appendix), with a scale-dependent 
coefficient ujjt. This will contribute to the scaling infinities we are considering here. 
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The D operator insertion in (pOf) needs to be normal- ordered in the disc. Normal 
ordering here amounts to subtracting scaling infinities originating from divergent contri- 
butions of the composite operator D as e — ■> + . To determine these infinities we first 
note that due to the X % parts of the operators D, their one-point function on the disc, 
computed with respect to the free cr-model action, may be written as 



< e 



-JdrD 



(61) 



As a consequence of ( [OD and (p5|), there are leading (scaling) divergences for e — > H 
which behave as ^^T^e 2 ~ icT^o^' usm § the normalization ( |20| ) between t and e |TT 
Hence, normal ordering of the D operator amounts to adding a term — 2^~^7d in the 
exponent of (|60D in order to subtract such divergences. 



Let us now introduce a complete set of states \<f> a > in the two-point function of string 
matter on the disc: 



< V 1 V 2 >, 



\Nl < V x \(j)a >*< <pa\V 2 > H 



(62) 



where TV 2 is a normalization factor for states. Taking into account (^9[), and the discussion 
above, according to which the effects of the C operator are also included in the D under 
scaling 



form 



Tl[| , one observes that the leading divergent contributions in (p2|) are of the 
< V1V2 >*~ — g s t < Vi\C >< C\V 2 > +subleading terms (63) 



We now remark that the operator C plays the role of the Goldstone modes for translation 
of the collective coordinates X 1 of the scaffolder, and as such one may apply the corre- 
sponding Ward identity in the cr-model path-integral to represent the action of C on a 
physical state by —d/dX % || ||. Thus, to this order in the string-coupling constant, the 
result may exponentiate to yield 



< Vi\V 2 >*~ exp 



1 f( d , 



(64) 



where we used the on-shell condition Vj (g^r^i) = 0- 



Then, 



A 



CD 



may be expressed as 
1 



djod'jc exp 
d'jnd'jc exp 



4g s \n $ 
1 



1 



d 



4^5 



2 r /m*- 7 in ^ 



0s 



_ d 



1 _a 9_ 

2 9st dX i dX i + " 



'0X 



■) 2 + ... 



W 2 



W 2 

(65) 
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with the . . . denoting finite terms. From fl65[) it is evident that if one takes the limit 
t — > oo before the Jd,c integration, then one obtains a 5-function factor 

6 {d) (^0 - Vfsih + h))j (66) 

where d denotes the spatial dimension of the scaffolder cr-model, and (^1,2)1 are the mo- 
menta of the matter closed string states. From (|66"D one obtains 

Ui ~ g s {h + k 2 )i (67) 

This formula was mentioned earlier (|10D, and is consistent with the BPS mass of the 
stringy soliton M s oc j- The above procedure guarantees conformal invariance of the 
cr-model, as far as leading divergences are concerned. This is the same result as the one 
obtained in ref. |§, but the procedure followed here is formally different. 

For our purposes in this work we shall reverse the logic, and consider a cr-model action 
( P^ ) with a tree-level coupling Ui given by (p7|), but opposite in sign. The above analysis, 
then, shows that resumming pinched genera in such a cr-model, leads -in the limit e — > 
- to a cancellation of the classical (tree- level) coupling constant Wj. As we shall show 
next, the remaining sub leading divergences yield fluctuations of the phase-space couplings 
around their classical values. This is the basis of our construction of a quantum phase 
space, and it will be assumed in what follows. 



4.1.2 Subleading Divergences 

We now proceed to treat the subleading divergences of 0[\flnS\, associated with flSTp. 
To this order the partition function of the cr-model on the resummed pinched topologies 
(RPT) assumes the form: 

Z = [ DXda m exp[-{S* + Vi [ eB^X^X' + u t [ X^nX'Q^X ) + 

a c Vh^6 I Q(X°)d n X l + « D VM / X°e(X°)d n X l + —G mn a m a n }] (68) 
JdT, JdT, 4g s 

where S* is the standard free cr-model action on the 'bulk' of the world sheetQ. 

From ( [68]) it, then, becomes clear that the effect of the operators C and D is simply 
to induce quantum fluctuations on yi and Indeed by redefining 

Ui + a c Vln5 -> fa, u { + a D V\n6 -» ui (69) 



6 Note that the normalization of ac and cxd has been changed by Vln S as compared to ([57]), to 
facilitate the comparison with the tree-level result. 



19 



and taking into account that the momentum pi of the brane is oc Ui/g s , we can rewrite 
(|68| ) as a 'quantum' target phase-space path integral : 



f 1 {Am~qm)G mn (qn-qn) f a* f X 1/ I V\ , 

Z ~ / dyidpi^—^e ^ / DX e - s -J i",v m {x) 7Q 

J g s In o 7 

where g m = {?/», 5f a i?i}, V m = {C,D}. 

We first examine the Gaussian exponential factors in (70). As we shall argue these are 



phase-space distribution functions for the fluctuating collective coordinates and momenta 
of the 0-brane. Thus the effect of resumming (pinched) world-sheet surfaces is to induce 
a statistical gaussian spread of the couplings. This is the essence of our quantization 
procedure. 

To see this let us first concentrate on the velocity distribution function 

(u^—u^j v % ' 

e -^h^J- = e r£ ( 71 ) 

with 

^ ~ (9?) 2 e 2 \n6 (72) 

and 8u^ = Ui ~ Ui denoting the quantum fluctuations of the velocity. We absorbed the e 2 
dependences in a renormalization of the velocity operators, and hence of g s (see eqns. (]28D 
and (|30D ). This way the fluctuations of the velocity maintain their exactly marginal 
character. Indeed, from ( |70|) it becomes evident that the renormalization (j30|), sought for 
in the previous section, is a consequence of the summation over pinched handles. Indeed, 
by making the identification of the infinities due to In 5, 5 — > 0, with world-sheet scaling 



infinities |26j , we observe that the a l D / e couplings may be marginal if we require that a d 



behaves like the classical Ui under renormalization, i.e. 



= (73) 

from which 

Sv M = aw/e : ^ = ± Su « = (74) 
may be considered as an exactly marginal fluctuation of (quantum) velocity operators. 
Repeating the reasoning above for the distribution of the C operator we find that its 

^ ~ (g?) 2 - 2 \n5 t - oo (75) 



width T'jj behaves as 



where, as before, the fluctuations for the position are defined by Sy 



i,(q) — Vi-Vi 
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In the same spirit, by requiring that a>a behaves like the classical coordinate coupling 

^<*h = ~*h + <*< D (76) 

one observes that the quantity: 

SyW = ai/e : (3 Sy = ^(<V' (<?) ) = ^' (<?) (77) 
plays the role of a position quantum fluctuation. 

It is those (renormalized) quantities Sy^ and Su^ that satisfy the canonical com- 
mutation relations (^) in theory space, from which the quantization of phase space will 
emerge consistently, as we show in the next section. For the moment we note that a 
closer look at the widths (^,^) of the gaussian fluctuations associated with the above 
quantities reveals an 'uncertainty' relation: 

1*1^ ~ ^ln 2 5 (78) 

From this relation, read as a Heisenberg uncertainty relation, one can infer an upper 
bound in the Planck's constant in our phase space, proportional to g\. At the level we 
are presently working, it suffices to view the right hand side of ( |7g|) of order of the square 
of Planck's constant. Taking into account that the operator D refers to velocities and not 
momenta in target space, one may, then, infer from (^) a minimum uncertainty in phase 
space associated with Gaussian fluctuations, with 

K R ~ g 2 R K ln5 (79) 

where the mass scale k was introduced in (|79|), and arises from the interpretation of Ui 
as a velocity operator in a phase space with momenta p$ = k Wj. Recalling floD| ) one 
observes that the particle mass M = n 2 g s is then independent of the scaffolder soliton 
mass 1/ (g s \fa'). We also observe that the subleading infinities associated with thin strips 
may be absorbed in a redefinition of the string scale a' s (^) in order for the right-hand- 
side of ( |79|) to be scale independent. With this in mind one then obtains a definition of 
Planck's constant in this problem proportional to the (string-loop-renormalized) string 
coupling constant^ 

7 We remark that in the case where X° is identified with the Liouville zero-mode </> || |l7j one obtains 
a similar expression for h. The physical interpretation, however, is different. One has a stochastic 
dynamics for the phase-space evolution fl7| . In such case the width associated with the distribution of 
the D operator (|7^) is still scale independent, whilst that of the C operator acquires a stochastic form 
r<7 ~ g\ s 4> with gu.s = gnlnS. The associated distribution function may be interpreted [0 as a Gaussian 
wave-packet of a, free D particle, spreading in Euclidean target time <fi (i.e. diffusion) with spread (h/m)(j) 
with h/m as in (|79|). 
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4.2 Phase-Space Dynamics 



Finally we come to the integral over the X fields in (|70|), which will yield the target-space 
effective action of the scaffolder, depending on the (quantum) backgrounds In the case 
at hand this will yield the dynamics in phase space. There are two ways one can proceed, 
which depend on whether one identifies the renormalization scale with the target time X° 
of the scaffolder or not. In this latter case, the X integration yields an effective action of a 
non-critical string theory. According to the analysis in ref. [^7], ^5], [5[ this is nothing other 
than the Zamolodchikov C function for the specific problem. Using the C-theorem ||, 
then, one has: 



S eff ~ C[y R , u R , t)~- f dt'e 2 ^GccP y = ~ f dt' —t{u R f (80) 

Jo Jo gn 



due to (|l6|),(|30l),(^9l),(|32|). This is the action of a free particle moving with constant 
velocity u R , and thus the situation is in agreement with 



For completeness let us now compare this result with the one obtained under the 
identification of X° with the Liouville scale 0, which is not necessary in this paper. In 
such a case the scaffolder dynamics must be taken into account |5], [IT]]. The X inte- 
gration may then be performed in a standard fashion in D-brane formalism, by noting 
the equivalence of the D-brane background to that of an open string propagating in the 
background of imaginary gauge potentials A M H. This yields the Born-Infeld action, 



/ dX°d 9 X l yl — \Fm N (A)\, as the effective action obtained from X integration. 

In our case, the particular form of the action (|5S]J7D]) , and eqs. (B^,^) suggest that 
the pertinent gauge potential is that of a space-constant 'electric' field: 

A i = -te(y i + ufX°)e e (X°) (81) 

However, unlike the standard D-brane result ||, here the electric field is singular at 
1° = 0: 

iF 0i = iE = eufe e (X°) + e (ft + u R X°) 8 e (X°) (82) 



Were it not for the 5(X°) term, the situation would be similar to the free non- 
relativistic particle discussed in this work. Indeed, from a Liouville renormalization point 
of view, such infinities may be interpreted as infrared on the world-sheet, since they cor- 
respond to the case where the size of the world sheet has shrunk to the order of the 
ultraviolet cut-off. One might, then, think of subtracting the X° = (scaling) infinities 
from ( |82D by some regularization procedure. Such terms are not relevant for large-size 
world sheets as the ones used in the present work. Then, the pertinent effective action 
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reads: 



J DXe- s *-^ mVm{x) =e- s ^ ] ; S eff oc — dX°d 9 X l ^l - e 2 uf u^ R (83) 

and this would lead to the existence of an upper bound in velocities of order -. This bound 
is a consequence of the existence of a critical field in the Born-Infeld Lagrangian ||. In 
our case the critical velocity appears to be infinite as e — > + . This is consistent with 
the non-relativistic nature of the slowly-moving D brane we are employing here. Upon 
expanding S e ff in (|53| ) in powers of e 2 , and keeping the non-trivial leading terms as e — > + 
one obtains (for X° > 0) the action of a free particle moving with constant velocity uf, 
consistent with the result 



Unfortunately the above procedure breaks down near X° = 0, i.e. for very small world 
sheets, which have to be taken into account if one identifies the Liouville scale with X°. 
In such cases the Born-Infeld Lagrangian exhibits non-trivial mixing between phase-space 
coordinates y and u R , inducing singular interactions at X° = 0, which have been argued 



in ref. |17[ to be responsible for decoherence. This makes an important difference from the 
treatment in this work, where the Liouville field is taken independent from the scaffolder 
time X°. 



5 Commutators and Uncertainty Principle 



According to ref. 0] and the discussion in sub-section |3.2| , summation over world-sheet 
sheet genera implies a canonical quantization in theory space between the couplings {A 1 } 
and the conjugate momenta defined in (03): 



\\\G m ^\ = -iW m (84) 



From the Helmholtz conditions (pFQ we know that the quantity h is just a constant in 
the sense that it does not depend on A or the canonical momenta. It may depend on the 
renormalization-group scale. 

The operator prescription of ref. M requires the replacement of classical couplings 
A 1 by quantum operators in the expressions for G$j and j3\ and the quantum ordering 
prescription followed is the one that leads to a stochastic quantum diffusion equation JT5|, 



28 1 . Fortunately, for the and to the order of e we are considering, operator ordering 



issues will not arise. 

In the D-brane a-model, perturbed by the boundary recoil operators (|15|), the cou- 
plings are t/i and Ui = g s Pi, and the non- vanishing Zamolodchikov metric components 
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are Gqc ~< GC >, Gdd ~< DD > and Gdc = Gcd ~< CI? >, given to leading or- 
der by the two-point functions (|T6|) , (|i~8|) and flTTj ) respectively. Higher-order corrections, 
in a (perturbative) expansion over cr-model coupling constants, are incorporated in our 
approach by considering vacuum expectation values < . . . > with respect to an effec- 
tive cr-model on the disc, deformed by the operators C and D, but with the respective 
couplings representing the quantum fluctuations Siji = yi — yi, Spi = pi — p. t around the 
classical phase space. As mentioned in section 4, this follows from the requirement of 
cancellation of the leading divergences in the pinched-world-sheet approximation. 

In the D-brane case, the pertinent operators are given by the fluctuations ([F4]) and 
flTTp . For the commutator of the yi coupling we have to leading order in e 2 : 

- iW m = [Sy** G cc P Sym ] = ^[yuPm] (85) 

From which 

2h 

[y»Pm] = = hR dh R /alt = (86) 

where Tlr is defined in (179) and is exactly marginal. The necessity for the marginal 
character of h R can be seen by deriving equation fl35|) with respect to t, and taking (|74]) 
and ( |77| ) into account. The constant Hr plays the role of Planck's constant in our phase 
space. 

To discover stringy effects, one should evaluate Gqc n °t in the free action but in the 
presence of C and D deformations. In a perturbative expansion in the couplings of the 
above deformation, one can bring down one more power of the couplings. An analysis 



similar to the one in ref. [|lT|, then, shows that the dominant contributions come from 
the D deformations, and are of order — <CCD > gfe 2 5pi ~ — e 2 (5pi), where Spi = pi—pi 
denotes the quantum fluctuations around a classical momentum. The sub-dominant C 
perturbation may also be easily incorporated by adding a term — < CCC > e5y ~ jjs{8y) 
in the Gcc metric. Thus, proceeding as above, the next-to-leading order coupling-constant 
corrections to the commutator (|867) read: 



[y h p m ] ~ -ih R F m (l - -^5y m - 2gf{8p m ) + . . .y 1 (87) 

9s 



We now notice that the presence of (Sp)- and (Sy)- dependent denominators in the 
commutators (|87|) implies stringy corrections to the uncertainty. To this end let us first 
take into account the Gaussian form (|?0D,(|57D of the distribution functions of the fluc- 
tuations Sy and Sp, which implies that any average of linear functions of the respective 
commutators vanish. 
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Thus, from a general property of self-adjoint operators, such as y and p, one can derive 
from fl8?D the resulting uncertainty: 



AyAp > ?p 



< 



l-%6y-2g*6p + ... 



> 



2 1 



Ay 2 + 0(a' s )Ap 2 + 



reinstating dimensions with respect to the new D-brane scale (J49Q a' s = (gf) 2 a\ depending 
on the string coupling constant. For weakly coupled strings gf « 1 this is smaller than 
the standard Regge scale. In the limit e — > the uncertainty (]88f) is of the form of the 
string uncertainty principle [fZ0|]. 

This result is in agreement with the Heisenberg-Microscope approach to the uncer- 
tainty principle for D-branes obtained in We also remark that in the context of 
non-critical strings analogous uncertainty relations lead to measurability bounds for dis- 
tances, consistent with quantum decoherence [E9l IT7I . 



6 Conclusions and Discussion 



In this paper we have argued that the couplings of the vertex operators describing in- 
teraction of a D-brane with string matter, can give rise to a quantum phase space. We 
did so in the simplest possible case, the lowest dimensional soliton (a 0-brane) in a flat 
background and ignoring supersymmetry. Moreover we resummed only pinched topolo- 
gies of the world-sheet. We found that the quantum particle described this way is a free 
nonrelativistic particle. Less simple solitons and backgrounds should give rise to other 
(more realistic) structures. 

We only considered single-brane backgrounds. Multiple D-branes and possible bound 
states among them or among strings and D-branes have been ignored. Such structures 
can also be represented in a conformally invariant way, as argued in ref. [3(J, at least in 
flat target-space backgrounds. 

In |30| the case of n parallel Dirichlet p-branes has been considered in a flat target 
space. We recall g that the D-brane operator ([!]) or fllS] ) describes transverse excitations 
of the brane. The collective coordinates Yj(X°, . . .X p ) may be viewed |30| , |7j as scalar 



fields in the world-volume of the brane {X°, . . . X p }. On the other hand, the longitudinal 
excitations 

A^X\ . . . X^X 1 / = 0,...,p (89) 
are associated with gauge fields on this world volume. For a single brane the gauge 



group is U{1). According to the analysis of ref. P0fl, n identical p-branes on top of each 
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other are described by an effective low-energy field theory on the world volume, with 
a world-volume U(n) gauge field and 9 — p scalar fields in the adjoint representation, 
representing the collective coordinates X 1 . The effective field theory on the world volume 
of the D-brane is defined, then, as the dimensional reduction of the ten-dimensional 
supersymmetric Yang-Mills field theory with gauge group U (n) . The bosonic part of the 
effective scalar potential of such a theory is given by 

V =Y E Tr[X\Xif (90) 

i,j=p+l 

where T oc {u')~ l is the D-brane tension, and the trace is over the adjoint representation 
of U(n). 

In the above description the configuration space of the 'collective coordinates' of the 
system of identical n D-branes consists of effectively noncommuting matrices. When 
the D-branes are far apart, a classical vacuum solution, with unbroken supersymmetry, 
minimizing the potential V = in (fjUP, is the dominant configuration, and one obtains a 
set of commuting X 1 . In that case the matrices X 1 can be simultaneously diagonalized 



301 , with each diagonal entry representing the target-space location of the fc-th brane, 



k = 1, . . . ,n. 

At short distances things are by no means simple. When the branes are very close to 
each other, closer than the scale \fa r s ^ massive excitations in the spectrum of the U(n) 
gauge theory must be taken into account. In ref. |50f it was argued that in that case, one 
should consider the full quantum theory of the U(n) field theory on the world volume, 
and it might be that states with broken supersymmetry ([X^X- 7 ] ^ 0) might arise. If 
this were the case, this would imply that at very short distances the stringy space time 
would have a non- commutative structure. 

From the results of ref. ||, and the present work, then, one might speculate that, in 
such a case, summing over world-sheet topologies of the underlying a-model might lead to 
a proper quantization of a noncommutative space-time. Consequently, following the spirit 
of refs. [j3~I| [32] , |33[| , one could arrive at new forms of uncertainty relations involving only 



the coordinates of space time, which would be up and above the phase-space uncertainty 
relation (|88|). 

At present there is no known example of such a situation within the flat-space D-brane 
theory. We expect that curved target-space backgrounds in string theory play an impor- 
tant role in such issues. We base this expectation on our experience with two-dimensional 



a-model supersymmetric field theories |L5|, gj]. Indeed, the N = 2 supersymmetric a 
model on a SL(2, R)/U(l) target manifold, which from a target-space-time point of view 
describes physics near the singularity of a black hole in string theory |}5, 15|, admits 



world-sheet instantons in its spectrum [K3j . These are responsible for a breaking of the 
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world-sheet supersymmetry in the sense of a 'false' vacuum, characterized by a non-zero 
vacuum energy. The world-sheet conformal invariance of the model is broken |34], |1"5|| . 
From a non-critical string point of view, therefore, this situation arguably describes (un- 
stable) vacua of a quantum string theory which should be taken into account. 

One can imagine a similar situation happening in our world-volume theory: some 
non-trivial metric configurations for the collective coordinates of the (quantum) D-branes 
produce a dynamical breaking of supersymmetry, via some world-brane non-perturbative 
effects. Probably, also in this case, non-criticality plays a role analogous to the one played 
in the present paper, as a result of the incompatibility of the Dirichlet boundary conditions 
with world-sheet conformal invariance |], |36|j . 

Needless to say, much more work is needed before even tentative conclusions are 
reached as regards the quantum structure of space-time. Nevertheless, we believe that 
the present work provides compelling evidence for the importance of solitonic string back- 
grounds in the structure of quantum physics and the structure of space time. 



Appendix: Logarithmic Operators 

In this appendix we discuss the appearance of pairs of logarithmic operators in the correla- 
tion functions of conformal field theories. We will limit ourselves to a sketchy introduction 
of them in the theories of interest to us. For more details we refer the interested reader 
to the literature, and in particular to |L2], [13], [37], |], |Pj| . 



It is well known that in general, hypergeometic equations of the kind: 

d 2 T dT 
x{l-x)— + [c-{a + b + l)x]—-abF = (91) 



admit two independent solutions (see for example f3l| 

T x = F(a,b,c;x), T 2 = x l ~ c F(a - c + 1, b - c + 1, 2 - c; x) (92) 

where F(a, b, c; x) is the hypergeometric function. 

However in the case in which c is an integer the two solutions would be degenerate, 
and they are, in the case of c > 1: 

T\ = F(a,b,l + m;x), 

J= 2 = In x F{a,b, l + m;x) + H{x), (93) 
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where H(x) = x~ m Y^k=ohkX k and h m = 0, unless either a or b equal 1 + m! with m! a 
natural number w! < m. In this case the second solution is only a polynomial in x _1 and 
no logarithmic terms are present. In case of c < 1 instead 

T\ = x m F(a + m, b + m, 1 + m; x), 

T 2 = lnx x m F(a + m, b + m, 1 + m; x) + H(x), (94) 

where H(x) is again some regular expansion without logarithms, unless either a or b equal 
—ml with an integer wl such that < m! < m, in which case both solutions do not have 
logarithmic terms also. 

A similar phenomenon appears in the Operator Product Expansions (OPE) of vertex 
operators. Equations of the type fl9~T] ) appear the conformal blocks of the theory: 

< V^V^V^V^z,) >= -± — F{x), (95) 

\Z\ — Z4) [Z2 — Z3 ) 

where x = (z± — 22) (^3 — z^)/ {z\ — Z4) (^3 — Z2) and only the dependence on holomorphic 
coordinates Zj has been written for simplicity, and the V^'s are primary fields with the 
same conformal dimension h. 

In this case the logarithmic terms of (|93D or (|94D yield an anomalous OPE: 
Vrizx) V 2 (z 2 ) = ... + ( Zl - z 2 ) hc - 2h (z 1 - z 2 )~ h c- 2h [D + C\n \z x - z 2 \ 2 ] + (96) 

where the dimension he of the operators C and D is determined by the leading logarithmic 
terms in the conformal block (0). We have written here both z— and ^—dependences 
explicitly and it is important to note that the logarithmic term depends on \z\, even for 
chiral fields, because in the full conformal blocks actually In \z\ appears, as was shown in 

an- 

The OPE of the stress-energy tensor T with these fields is: 

T(z)C(0) = ^Lc(0) + -d z C(0) + ... 

z z z 

T{z)D(0) = f ^D(0) + \c(0) + -d z D(0) + ... (97) 

z z z z z 

for general logarithmic pair C and D with anomalous dimensions h. We see immediately 
that we have a mixing between C and D. The Virasoro operator L is not diagonal and 
mixes C and D inside a 2 x 2 Jordan cell 

L \C >= h c \C >■ L \D >= h c \D > +\C > (98) 
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Substituting (|9q) into the four-point correlation function yields |13| ) the following 
two-point correlation functions for the fields C and D: 

(C(x)D(y)} = (C(y)D(x)} 



2 (x - y) 2h c 

(D(x)D(y)) = {x ^ y)2hc (-K\n\x-y\ 2 + d) (99) 
(C(x)C(y)) = 
This is our defining property of the logarithmic pair. 

Note that the constant d is arbitrary and can be changed by shifting D — > D+ const 
C . The coefficient k is defined by the leading logarithmic term in the conformal block. 

The C — D mixing has consequences for the string propagator on the world-sheet 
cylinder between states \m > and \n >, which is defined as 

J dqdq < n^ ' 1 ^ 1 \m > (100) 

where q = exp(27rir) and r is the modular parameter. In the usual case, when Lq, L are 
diagonal, one gets after integrating over r 

<n lr-TT o 8(Lo-Lo)\m>, (101) 

where 5(L Q — Lq) enforce the condition h = h for all propagating states. However in 
the case of logarithmic operators one must take into account the Jordan cell structure of 
Lq, Lq, which in the sector of \CD > and \CD > states leads to 

= (J '7); ?° = t4 \ h \ q ) do2) 



We thus have logarithmic factors appearing. Note that lng factors arise also in the 
characters Trhq L ° as was discussed by Flohr in p7]. 



For us the propagator takes the form: 

J dqdqq hc ~ x q hc - x < CD\ ^ J ^ j \CD >< CD\ ^ J ^ j \CD > (103) 

One has either In q or In q terms for transitions when either D goes to C or D goes to C 
and lnglng = 47t 2 |t| 2 for transition DD to CC. 
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In our case we are interested in modes with conformal dimension he — > 0, in which 
case one obtains extra logarithmic infinities as q — > 0. 
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